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Hensel'slemma completions

equivalentformsof hencelianity

Hensel'slemma wewill workwith Uk al
Wewill figureout Hensel'slemma startingfrom averybasicquestion givena

valuedfield Ki and f EOulx how do we find arootof f in Or
Anecessary condition is certainly that IE KNX hasaroot Let à Ek
besuch Thisis ofcourse notenoughtake

residuesofthecoefficientsindeed may
verywell be that flat 70 Yet wemaybeoptimistic and hopefor dell
suchthat T à fool 0 Howdofind such a6
Thenecessary requirement that Ital ò is really the same al
fa 0 which intuitively speaking means that flat is very

small i e a is anapproximation of a root of f What we

mightbe tempted to dois approach this lire a numerical
problem sowe might try to find a betterapproximationof
a roof than a i e beou s that Fib flat To do
that we will use Newton's method
fa

fà

b a fig
Let's seewhether bisreally a better

x appronimation

fb f a III



Taylorexpansion flat ffà ftp.go
Albi e flat Hatfield ci Ifa ci

hence

ful uffa Zuffa ZAYN VII riff
if 2Vlf a

o uffa 2 flat
Sowe needto add Uffa Zuffa to our hypotheses

Notethat this already implies Vita 0

If we want to iterate this weneed to checkthatbsholas
for6 too i e that uff b 72 f116 However

t'b f f II
Taylorexpansion e t a f ffa fila t

Hallett
so uff bl Ulfila ftp.d

ufficall sinceuff d ftp.ltvldl o
and hence

Hb flat 2 f al 2 f b

Thismeans that we can iterate this Sayho G Aneto we

obtain a sequence an new EOu such that



il anti an III
n UIflantillsufflanll

Indeed wemay see that

la al III t'last II
t an V flan 2v17 an

Un 6 Uff b f 6 ZU f b
t bI UlfYall f A Uff b 2 fila

ultra ftp.a 2uff al

t a 7,0 7,1 fla Zulf a Ula Luk a

vicino a 2

Lily
and more generally anti an 72 E so

If anti an a

Thisshould ring abell Canneinea is Cauchy Butwait we

don't have a metric right

INTERLUDE

Given viK 7774 wemay give k a menoby
ducab exp via 6 Erto exploit 0

We can thus consider Kedr as a meno male and Consider

Cauchy sequences init Tocomplete panno intended our

proof we will need an new to converge il Charl to be



complete as a metricspace
if Xd isnot completewe can always embed x di as the

dense subspace of a complete metric mace XD winchis
unique upto isometry over X It isbuilt this way
1 Kehlanchysequencesly where CaninnibninEntitàd'anioni 0
2 d an Ibn limo d Anbu
Thinkof Oh with diano la bl Then AIR
If wetake due instead i e dplab p then

E dip I Ap Ap
is a friend we will meet often Wecould write

Ap In anp NEIL AnE40,1 P 1

and do computationsby carry over

Then if weassume kit in complete lie Kdu is Complete

as a metric space an new has a timid dea and we
have

flan fa as f isContinuous inthe drtopology
flat O Since flan a and uffa hygufflan

Moreover via al Ulfila 70 and so I at

Summing up

HENSEL'SLEMMA Suppose Ku UKATL is a completevaluedfield Then

forany fault and dell suchthat viflalliaulf al then is dell
suchthatv4 a sulfilall fa o



Def if kit satisfies II wecallio henselian

what wehavegusto proved ishence the statement
complete valued fields are henselian

equivalentformsof hensehanty

LEMMA Ku is henselian set foreach FEDEX andreou if
Iflall 0 and Ulfila o then there is beou suchthat f b o

and v16 al 10
PROOF I if Ulf all 0 then

u flat 0 Zuffical

I usingTaylorexpansion

fa X flat filaX Kg aX
forglyNEWLYXI Let YEE then

NIKI Ha f aY

ft a 2
Y gia filaYIK

satisfies Ict E hill T Let ha 0 so b a f a near

is a root of f as requested Da

THEOREM KM valuedfield TFAE

il extends uniquelyto anyfinteextension tok
ri Ikulishenselian
iii everypolynomial ofthe ton



X x an21Mt do

with aiEMr OLienz was a ten inK

PROOF We prove i ti iii i

Ci il Take teoria a Eau with Ital 5 Ilatto Uponreplacing

fby oneof its irreducible components wemayassume it isirreducible
Further we mayassume it is separable il f gia then

F D a contradiction

Let L be the splitting fieldof f over K White
f CII X ai

fornome cent say with at à Let w be theuniqueextension

of u to L If nn we are done no assume ht Letregalllikl
satisfy danzar Then o induces TeGal Lwin since we isthe

uniqueextension with

at Flat E là à at

but then A at at is not asimple roof
in ri We

I 1 XM
andthus is is a simplezero
in il Assume not no there is K e N finte and u has

finitely many distinct extensions to N say Up vn Let

D IOEGAINA 0104 Uy E Gal NIK
and note that DE Gal NIK becauseofthe conjugationtheorem
Then LeFixD E K in a proper extension Call Ui ln Un
Notethat byConjugation O has a unique prolongationto L Note



that then if f D U Ogni Ti A al Q We canthen

applyWeak Approximation and find B e R Qn nun E L
such that P n emh Bem for i 1 Ad 9 Di B K let

f be its mammal polynomial over K say
f X X Arn X A

for nome ai E K

Saypipa Pr are the conjugates of Bin N Foo GE G D

BE OLMI by definition So TIMEMe for an TEG'D As the

Br br are exactlythe olpi forse GD Bien coralli

Andnow

FX TI CAPI
satisfies

AKA TAT Br EH MARK A Mu
and ai EMank Mu
Thus

GIN GLIFI XIX OTAXE.AE EOULX

satisfies the assumptionsof init However fin irreducible so g
cannot have a zero 4 fa


