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AX KOCHEN
episode 1 the ERSHOVhenselian menace

tothetane of let it be
When I findmyself intimes oftrouble
Henselian valuations come to me
Equicharacteristic ten
AKE



GOAL
THE AKE PRINCIPLE

If kill and lui are MA valuedfields then

KM LIN E KKEKL TEL

Recall V K E ordered abelian group ong V67 n T
Mr de KEK VINTO MK X EK VA O

Kk Ok Mk residue field

It for us today it means chan Kr o

Ik vi is henselian

PINEAID then simplerootsof PINERKENLifttorootsof Pink



Choice of language

Lo three sortedLanguage

It Fig Iguana
1k it interpreted asthevaluation

Ling 10,1 Lag Lt E 0



Angular components
Amap ac K K S that

1 AL N O IL O

2 ac K k is agroup morphism
3 if it 9 KK is theresiduemap then

AC X NN

for XEOK
is called an angular component map

Motto angular component maps exist in saturated extensions



Main theorem
Denoteby Lpas thethreesorted language obtained fromLoby
adding a symbol ac kak Let To be the Spas theory that

says for amodel KKKTK K MK FT
1 Kuk is a henselian valued field
2 CharlKr O

3 if we define te x
KIN IL VK.to

otherwise
then

IL O ke is a surjective ring map with kernel

Mk
Forfixed a ofchar O and Tong T to u Thangr u Thong t



Main theorem

T eliminates the Ikquantifier inSpas

let E Lpa formulae with no quantifiers over the
variables of sont 1K

then any Ipas formula is equivalentmodulo T to
a formula in 2



Lemma
Lett be a f theory and let E be a set of f formulae
closedunder Boolean combinations Suppose that fornome
k ITI forany M.NET K saturated forany AEM
BEN with IAKK forany f AIB isomorphism

thatpreserves E forany atM A wemayextend
f to an to f AWB IA KK that preserves E
with GEA Then any f formula is equivalent
moduloT to one in 2



PROOF STRATEGY startwithtwo Ha saturatedmodelsoft
IK KK.TK L R T
VI V1

countable IA RATA fine Bibbit

Take Aek A take Grato E k ke.tk countable with aec

we look for a recipe to extend Iffriful to c Rc Il while

preserving E

Ne interweave different steps



We interweave different steps

Circ Il

Ah Ke Il
Allstepsfeature

Ar Rc teulAtllawaytoeltend
fIAr.hetlUadtel Ittiti

PIA heto tothenewstructure

IA Re Il
A Roiti
ARATA



step O'the
onethat everyoneforgets

Laing does not contain the inverse map
so Ask and KAERK are just subrings
However we may canonically extend

f fr fr
to FracAl FracKal Tal

VFracca M Vala Vab

frana b A Yarab



We interweave different steps

Circ Il

Ah Ke Il
Allstepsfeature

Ar Rc teulAtllawaytoeltend
fIAr.hetlUadtel Ittiti

PIA heto tothenewstructure

IA Re Il
LA Roiti
ARATA



STEP 1
Extend If fr fut to A Re Tal

enumerate RC RA Crimen

inductively Ut PKI EPICO dal consider

gly JULY El OK E E PIN TERA
and by saturation letboth bot9
now fr extends to

fu palco Kalba
repeat throughout Ccnlnein

We obtain an hpa isomorphism fifi fut definedon ARata



STEP 1
cont d

Themap fifi fu preserves formulae in Z

in fact it is enough to preserve formulaeoftheform
It ZIO 1 alacttilill Gil 1 2124421in

quantifierfree Ling formula Longula formula
Kring Xo Elk Xy Elk ti term 12,42Elt ti term

in Ling Tek in Ling I Elk
and in particular fr preserves 41 lacltilill Gil

so we are done



We interweave different steps

Circ Il

Ah Ke Il
Allstepsfeature

Ar Rc teulAtllawaytoeltend
fIAr.hetlUadtel Ittiti

PIA heto tothenewstructure

IA Re Il
LA Roiti
ARATA



STEP 2
the step1 butforgroups

Extend f frfut to A Ka Tel

Asin Step1 weenumerate E TA and add oneelement at
a time
Thenewmap fitti will preserve E becauseof a

Non we find ourselves with lf.fr f defined on A kete In

particular forany Tek we have fr defined on acetiatt and
fr definedon talal Thereforeany Lpas isomorphism
will preserve I aslong as it extends f frfr



We interweave different steps

Circ Il

Ah Ke Il
Allstepsfeature

Ar Rc teulAtllawaytoeltend
fIAr.hetlUadtel Ittiti

PIA heto tothenewstructure

IA Re Il
LA Roiti
ARATA



STEP 3

Notthat as Kika tela KKk Tel live is henselian Hence
by the universalproperty Aha C and similarly Bhaal
In fattonemight check that

A A 9nC B B DAL

sothat f extends to f Ah B

Then If fr fut is an Lpa isomorphism
AhRc Tel B KB TB

Asin Step 2 this automatically preserves E



E interlude E

Onemight be tempted to thinkof Rena as the
residuefieldof AVal andof Tc TA asthe value

group However a prioriwemight have
VAIA IE II OCA VAIERC

so we needto make va and ala surjective



We interweave different steps

Circ Il

Ah Ke Il
Allstepsfeature

Ar Rc teulAtllawaytoeltend
fIAr.hetlUadtel Ittiti

PIA heto tothenewstructure

IA Re Il
LA Roiti
ARATA



STEP 4
Wewant an intermediate ARcTa E D K T ECCRcTa
suchthat alploal Rc Denoteby RÀ aca va

aERCRÀ transcendental overRÀ Then trialist over

RE so any del With MIA X bel withALIBI FIN
are t over A and B respectively The isomorphism

f Alal B b

is an Lpas isomorphism eg

vi Ifc bi Min uffcit fulminiVeleni

fulve Cia



aERIKA algebraic let INERICHbethemin polyn
forsomePEDALI deglptdeglft.irThen a is asimple
rootof I andhence it lifts to a toc Similarly
frlalis a simplerootof Petit which lifts to bel
Again f extends to f Alal BIb andwe haveag
Vi Inflitti e YYuffici t.lypValci

fu Valencia
so f fr fut is an Lpa isomorphism



We interweave different steps

Circ Il

Ah Ke Il
Allstepsfeature

Ar RcTeulAtllawaytoeltend
fIAr.hetlUadTel Ittriful

PIA heto tothenewstructure

IA Re Il
A reti
ARATA



STEP 5
likestep4 we have a dichotomy let TEYA then

NETTI hasnotorsionmodTÀ Thenany at with
velata is transcendentaloverA andsimilarly anybel
withVIbi fila ist over B Then f extends to

f ALA E Bibi

as before Since we may choose acetal l alibi
If frfut is an Lpas isomorphism



thereis N 0 8that NAETÀ
Then we canchoose a El with anEA velal 4 Similarly
we canchoose bel with klbl.tv a WeMay W09 Also
assume ayblefrlacela Upon multiplying by delwith
UN ITU where FINI Ninth and414170 Ifil 1 we
getflat VIb butnow allblefrlacdall Thus

f A a IB b

is an Lpa isomorphism



We interweave different steps

Circ Il

Ah Ke Il
Allstepsfeature

Ar RcTeulAtllawaytoeltend
fIAr.hetlUadTel Ittriful

PIA heto tothenewstructure

IA Re Il
A reti
ARATA



We repeat step3 to more to anhenselianvalued

sued again

Recall hermine valued fields in ChanO haveno

immediatealgebraicextension



We interweave different steps

Circ Il

Ah Ke Il
Allstepsfeature

Ar Rc teulAtllawaytoeltend
fIArihetlUa.ltel Ittiti

PIA Keitel
tothenewstructure

IA Re Il
LA Roiti
ARATA



STEP G

A Ka Te E C Rc Ta
is now an immediate valued fieldextension

In particular any a EGA is transcendental overA and
with a sprinkle of Kaplansky theory weget that forany
PHI EALTI There is 8E bla Al Vela c ICetty s that
IPAD is constant on Boca n A

Claim there is bel s that ACEA
b f c fu vela ci



Claim there is bel s that ACEA
b f c fu vela cit

Then VIP tl il constant on Bay Ifla'll fora'EBglalna
In particular amb extendsto an isomorphism ofvaluedfields

f Ala E BA

which extends f and induces an Gpas isomorphism

PROOFOFTHE CLAIM take TAI VIAHellAVVIATII CEA
Realize it in L by y saturation



Upon repeating step6
we finish themood



AKE
As acorollary let's prove that

KKEKL A TREE KU E LN
le is immediate I
Thisis equivalent to proving that the Lo theoryTe givenby
1 Kit is henselianofequicharO
2 Thring Kk Thring ke
3 Thoaguhah Tk Thoagugoy te

is complete Any two models of Ti can be extended to
Models of T by saturation



Thisis equivalent to proving that the Lo theoryTe givenby
1 Kid is henselianofequicharO
2 Thring Kr Thring ke
3 Thoaguhah Tk Thoagugoy te

is complete Any two models of Ti can be extended to
Models of T by saturation

NON if Kirk Tk Il Kl Il Ft were notelementary
equivalent this would be witnessed without Ikquantifiers
However REEK and THE T



thanks


