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modeltheory of valuedfields

Theplantoday
what is Modeltheory hopefully

the analogy between up and IpUtd in algebra
whatmodeltheoristcansayabout thisanalogy

wewill reallymove backandforth betweenthetwo first points
hopefully motivating the first through thesecond

What is model theory

Thegoal ofmodeltheory in tacklingmathematicalstructures in
a formal way i e properties that canbe expressed by a
formula in a formal Language

Ourguidingexample thelanguage of rings

L 0,1

tutto constant
symbols

where h formulae arebuilt in this way start with

PIN Yul Q Yn Ym

e i
polynomials overIL



andthen recursively use connectives
i negation i mi 7 plin Xml 0 means play XnI 0
conjunction In disjunction lui

i implication HI
quantifiers A Il M HAY X Y O 721 tn QIEIFO

Someexamples INNO ZY X Y4
IX X 1 O

Bothofthese examples are Csentences i e allvariables
thatoccur are quantified

XXIX O ZY X Y

Theseare the formulae that makesense in a structure

7YI X Y

is this true It depends on the choiceofX
Let'sfocus on sentences then Wethen need to formalize
theideaof being the Lstructures

L o 0,1 m R t 0,11
butalso
IF it 10,1
R T E 1,0

Wegive meaning to a sentence in an Estrarre viathese
choices of interpretations Wewilluse t



Someexamples IRE FX HO ZY X Y
ewemean Rti 01
IR IX X 1 O
X false
E IX XII D

e Nemean 4 ti fidi
IRexpFFXYLEXPIXTYI EXPIXI.LA YII
in anexpanded language Ludexp
I FIX O EX ZY X Y
Minanexpandedlanguage LULE

Given a structure Min some language L

MIMI e L sentence Med

Rephrasing thegoal understand Min terms of Thin As
anexample wewill look at

Thap I TULIPANI
bothin theLanguage L

the analogybetween Ap and pila
Ap FPLE

valueGroup 7L IL
residueheld Fp Fp
characteristic o p



Thislast line tells us something even for L
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È
However they look verysimilar

Qp E Anp NEIL ANELO1 P I

IKEY È Ant UnEF NEIL

Indeed up to movingto some expansion

Theorem Fontaine Winterberger

Gal Ap P 1 a Gal Fple It Ml

this in really aconsequence of Gal K e Gal KI

Weneed to ton in all thosepth roots Indeed
Gal Ap I Gal Fp till

one can actuallyprove that GallkleGallop if and
only if Thiaplethlkl Mastopologicalgroups

Themodeltheoretical content of FN has been recently
exploredby tante kart an using a harder
Version of the next theorem



what canmodel theory San

THEOREM IANKOCH ENAV 160N
Given a sentence e in theLanguage L there is a
natural number N Ncd EIN such that for all

aethlap e 4 EThifplitll

In other words the two theories are asymptotically the
same p a makes p transcendental

Let's see a concrete example ci fields
Cifields ariseas generalizations ofalgebraically closedfields

Cid homogeneouspolynomials of degreed in
N di variables have non trivial roots

Then Ci means Cid for all DEIN
Forexample finite fields are la Inotethat G gustan
for Nid Complete discretely valued fields with
algebraically closed residue field areG e g the
fraction field of WEFp919 1

Artin Up is 2 mi falseby Terjanian However

COROLLARY Thereexists p pld such that for all pit Qp
isCaldi



Thisin a corollary of AKie because
beingCaldi in a sentenceold

i Fplltll in 4 Ithis was provedby Lang

Whatis modeltheory reallysaying

TheAkEprinciple inreallymucholleper what in true
for a largeclassofvaluedfields is that

ThIKul Th LN E TURI TULL MITILITRITI
expanded Language residuefields valuegroups


