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partone: parttwo:

overview of tools Zilben's trichotomy
A canonical cases in ACFA I almostinternality

x jetspaces ~ theorem 1.1 from Pillay-Ziegler

* r-modules a the trichotomy



NOTAMON:

· (,5) difference field, 5: KEsK
1

(2,5), ach, then K(a):=k(8"(a):x= T)

* Fix(K) =4 x =K:01x) =x4, also sometimes Fix(o)

A ack" up (oc(a/1) =smallest K'-variety thatcontains a
k2K'

-"The Kvariety with a as generic point"

o Cb(*) =smallestact-closed subsetofK'such thata 4 K'
(b(a/k')

-"weak canonical base"

A kaly=field-theoretic algebraic chenne, ad(X)=adea(X)



Our goal
y finite-dimensional definable set, with

parameters from some algebraically closed

difference subfield k =U, aeY, k = k,

another alg. closed difference subfield,

c. =(b (tp(a/k)),
them tp (/kcas) isalmost internal -!
to the fixed field Fix (21). property

the hate
thisanonical



some idea:
->

think ofzero setofa-polynomial overk

y finite-dimensional definable set, with
-

parameters from some algebraically closed

difference subfield k=U, aeY bik, a zeno of the o-polynomialS

-
another alg. closed difference subfield,

-> think ofthe weak canonical
c. =(b (tp(a/k)), Mass:generators ofthe

field ofdefinition of
them tp (/kcas) isalmost internal Loc(a/ki)
to the fixed field Fix (21). ↳ up to changing parameters a

bit, the information is already seen

by a-polynomialsover Fix(()



PART 1

overview of toolb



canonical bases in ACFAO
ACFAp- model completion of(inventive) difference fields of

characteristic zeno (not a complete theory! (

Independence - 1K,5) FACFAO, A, B,CIK, alg
LCBs
/

At B => acer (CA)rel
Weak canonical bases - diff.subfield K =UF ACFA, p=tp19/K), then

*CFA

(b(*/) =
=smallestactclosed infectofR with a d k

(b(*/k)
independence
&

->=5 acl-1 generators ofthe field ofdefinition of
(BinACF bqla,ral,...)

the locus L0c(/) ofthe tube b).



8-modules

1K,5 difference field, V finite-dimensional K-vector space

-module - (V,E), where I:(V,+) = (V,+) such that

< ((r) =5(c) [(v).

Lemma4.2.

IV,21* =[veU/[(v) =v) isa Fix(K) -vector space of

dimension atmustdimp(V) & if (K,5) FACFA, there are

V. ... Vse (V,I)* such thatV =<V, ...UsK-

PROOF ...



Lemma4.2.

IV,21* =[veU/[(v) =v) isa Fix(K) -vector space of

dimension atmustdimp(V) & if (K,5) FACFA, there are

V. ... Vse (V,I)* such thatV =<V, ...UsK-

PROOF. (Of1-11

Choose a basisB ofV over andletAbe the matrixsuch that, if
v =EBabb, then S'(v) ==AabilB."call rIvl=EiHabib
Then, as amodules, (V,Iil= (K*, Arl for some delN, so we work with
CKP, As instead. In this corse, forweld, we have

[(v) =0 c> (r) =AV

so we look for UtGLdCK) with WCU) =A-U. Such or matreixexists

since (K,5) isexistentially closed. The columns of4 form the Golis we need. I



Jet spaces
Kalg. closed ofcharacteristic zeno, X =K
inneducible affine with ideal IX =K[m,...un]

E
inside ofKIX)=KTm,...am3/2x, we find for any aeX,

-17th jetspace
mx,a =[ft((X):f(a) =0) ↓· and for any 122, the quotientmx,a/m,a=:(je-(Xal*

isa finite-dimensional K-vector space.

D
Explicitdescription. x =K"culvariety, aeX, Mx 7 Il

d =1(ox...ox:oc =m, 12i ... siren,...+Sr =s,sizovibl

=jmIXa=Va
=

[le"EDDP(a)M, =0, PEIx3 =K4.



Importantfacts:X,Wireducible affine varieties, W =XxX"such that

:W -X, H2:W +X5 are edominent and finite-to-one generically. Then if

ca,rallow isa generic point, for any me,
there isfr:jmIXa=, jm(x5rca)

whose graph isexactly jm (W)ca,oais).

Moreover, (imIXla, f-r) isa smodule over (4,5) and, for any K=K, alg.

closed, ifX, isthe variety over K, with generic point a, then one can

embed jmIXa into (jmIXa, f-5) as 8-modutes.

we prove the "moreover".



Moreover, (imIXla, f-r) isa smodule over (4,5) and, for any K=K, alg.

closed, ifX, isthe variety over K, with generic point a, then one can

embed jmIXa into (jmIXa, f-5) as 8-modutes.

PROOF:note that, ifjm(Xa =4 (Mp)EID:[DPla)Mp =0, PEIx3,
& EID

jmIXY ras= 3 (Mp/ptD"Ep BPIrcallMp =0, PEIx)
=[CoCup)'De:[DDlaIUD =0, PEIX3

DEID

=(jm(X)a)*,
hence for:(jm(X)a,+) Es (jm/ait) and, since is a linear iso, we

have (im(Xla, for isa 5-module.



Moreover, (imIXla, f-r) isa smodule over (4,5) and, for any K=K, alg.

closed, ifX, isthe variety over K, with generic point a, then one can

embed jmIXa into (jmIXa, f-5) as 8-modutes.

PROOF:let W, be the irreducible varietyover, whose generic pointis

Ca,ral). Now, im (Wilca,ray isthe graph of an isomorphism

4: jm(Xela Es ja (X,) was

and then f, =flimiala, which yield the required embedding. 1



PART 2

Zilhen's trichotomy
& consequences



almost internality
(2,5) FACFA monstermodel

K =H aloy.closed difference subfield, p(a)eS,(K), X O-definable set

· p(a) isalmostinternal to Xif, for

some k=A, a FP with aA, then a cac(A,X).

~ X is finite-dimentional ifthere isNENsuch

that, for all a eX,

trdeg(((k) *N.

-

difference field "generated by K anda
-



Our goal
y finite-dimensional definable set, with

parameters from some algebraically closed

difference subfield k =U, aeY, k = k,

another alg. closed difference subfield,

c. =(b (tp(a/k)),
them tp (/kcas) isalmost internal -!
to the fixed field Fix (21). property

the hate
thisanonical



PROOF: atY

↓

WMAK(alaly = K) ralling a replace a by finite
A (a,ra), ... "(all

X
- varietywith generic pointa

WEXXX" -
asinthelemma w/s-variety with generic point(a,ral)

*
- variety with generic pointa

N

c =(b(tp(a/k,)) generatearestfilee



So: a es unablerosenopoint algebraic
vociety

=>I isdetermined by jm/Ma=jmIX)a for all me IN,

by compactness we only need tocheck jm(X)a*jMIXa fom MK70
Y =V(f,...fel, fi=fi(d) no we may look at(Xalden,

xd =V (f,(d), . . .fe(d))
Xa =x =jm/da-jm(Xla kmeN competimIXdia-JmIYla, macO
=>if f:jMIX)a=jm(XYrcas, then we get jmIa(jmIXla,fr).

~- submodule



Now, choose a bassi b=(jm(Xa, ft)*, i.e. rewrite (jm(Xaif5) =(14,0)
so thatjm(Xa=L defined over Fix(1).

M-

↳ em finiteFix(4), coefficients of equations

=>ceka!arameters
areen

morial: a depends algebraically on
I

independent data over Fix (u)



Afew words on SU-rank:PESCK), aFP,

S
SU(p) 0,

SW(p1 x, a limit=> SU(p1>, VBCX

SU(p) x+ 1 => there isKEFwith

a*F & SU(9/)" x.K

us SUp)=leastordinal SU/p)/, x+1.

Facts.SU (9,K)=1:a facl(k) andforevery k= F, either at
or a each (F). Further, a is transformally algebraic over K.



setting up for 54: we will actually need...

E Ziller's trichotomy

K =UFACFA algebraically closed,

peSK) ofSU-rank 1, then either

p is modular or almostinternal to Fix().

a rp, b = pm, then I ↳ there isb =p&

(b(9/1 <)) =ace(1(a)) K =Awith b,A and

b +ac(A, Fix (U1)



PROOFsuppose p is non-modular:take atp", brpm with

2: =(b (*/<b>) +ace(kCa)). Now by SU-Mok 1, trdeg (K(a) (K) <a, 10
-k

the theorem applies and tp ("kcas) isalmostinternal to Fix (21, i.e.
there is K =A with CAand ccace(A,k).

Rearrange 5 as follows:there isme such that

bitaclb, ... bock) isMote & bitb,--bin Kismo.
c,Mo-1

Now, by definition ;bb-.bmo, hence for some is it bit, i.e.
kb, ...Di

bintad (kb, ...bit) =ac (Ab...-bi,k) & further, we may assume

bYA, hence by A (because itAl. Thus, bitAb...bi



Thisis exactly showing thatp is almostinternal to k:

there is bit up, andthere isK: Abbi, with

bit ?Ab...bi & bitn each (Ab,...bik).
1


